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ON A CLASS OF FULLY NONLINEAR ELLIPTIC EQUATIONS ON
CLOSED HERMITIAN MANIFOLDS II: L∞ ESTIMATE
WEI SUN
Abstract. We study a class of fully nonlinear elliptic equations on closed Hermitian
manifolds. Under the assumption of cone condition, we derive the L∞ estimate directly.
1. Introduction
Let (M,ω) be a compact Hermitian manifold of complex dimension n ≥ 2 and χ a smooth
real (1, 1) form on M . For convenience, we shall write
ω =
√−1
∑
i,j
gij¯dz
i ∧ dz¯j
and
χ =
√−1
∑
i,j
χij¯dz
i ∧ dz¯j
respectively in any local coordinate chart.
Throughout this paper we will use the shorthand χu = χ+
√−1∂∂¯u. We are concerned
with the following two types of elliptic equations:
(1) The complex k-Hessian equation. For 2 ≤ k ≤ n and χ ∈ Γkω,
χku ∧ ωn−k = ψωn, with χu ∈ Γkω. (1.1)
(2) The complex (k, l)-quotient equation. For 1 ≤ l < k ≤ n and χ ∈ Γkω,
χku ∧ ωn−k = ψχlu ∧ ωn−l, with χu ∈ Γkω. (1.2)
Following [6], [4] and [5], we define for ψ ∈ C0(M), ψ > 0
Ck,l(ψ) := {[χ] : ∃χ′ ∈ Γkω ∩ [χ], kχ′k−1 ∧ ωn−k > lψχ′l−1 ∧ ωn−l}. (1.3)
If [χ] ∈ Ck,l(ψ), we say that χ satisfies the cone condition for equation (1.2) with
respect to ψ.
Here ψ is a smooth positive function on M , and Γkω is the set of all the real (1, 1) forms
whose eigenvalue set with respect to ω belong to k-positive cone in Rn.
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These equations include some of the most important partial differential equations in
complex geometry and analysis. The n-Hessian equation corresponds to the complex Monge-
Ampe`re equations which plays central roles in Ka¨hler geometry as well as problems outside
Ka¨hler geometry since the famous work of Yau [10] (see also Aubin [1]), while the (n, n−1)-
quotient equations appears in a problem proposed by Donaldson [3] in the setting of moment
maps and another by Chen [2] in the study of Mabuchi energy.
The study in this paper reveals the key role of the cone condition in complex geometric
equations on closed manifolds. Similar to the subsolution condition for the Dirichlet prob-
lem, the cone condition is very likely to help us to remove some geometric assumptions, e.g.
positive curvatures. Unlike the subsolution for the Dirichlet problem, in previous works
the cone condition can be essentially used to discover C2 estimate only. To the best of
the author’s knowledge, this is the first time to derive such L∞ bound directly from the
cone condition. Indeed, the L∞ bound is often the most difficult part in solving elliptic or
parabolic problems on closed manifolds.
The following theorem states the result on closed Ka¨hler manifolds.
Theorem 1.1. Let (M,g) be a closed Ka¨hler manifold of complex dimension n ≥ 2 and
χ a smooth closed real (1, 1) form. Assume that u ∈ C2(M) satisfies either (1.1) or (1.2).
Then there is a uniform C0 a priori estimate for u depending only on (M,ω), χ and ψ.
Remark 1.2. It is easy to see that the complex k-Hessian equation can be treated as a
particular case of the complex quotient equations when l = 0. However, the complex Hessian
equations have a natural strong cone condition, that is Ck,0(ψ) = {[χ] : Γkω ∩ [χ] 6= ∅}.
Furthermore, [χ] ∈ Ck,0(ψ) for any smooth positive function ψ.
On Hermitian manifolds, the equations are much more difficult to treat due to the torsion
terms. In this paper we shall only study the complex Monge-Ampe`re type equations on
closed Hermitian manifolds, which is exactly the (n, n− α)-quotient equations
χnu = ψχ
n−α
u ∧ ωα, with χu > 0 (1.4)
where ψ is a smooth positive function and 1 ≤ α ≤ n.
Our main result on Hermitian manifolds is the following a priori estimates.
Theorem 1.3. Let (M,ω) be a closed Hermitian manifold of complex dimension n ≥ 2 and
u be a smooth admissible solution to equaion (1.4). Suppose that [χ] ∈ Cn,n−α(ψ). Then
there are uniform C∞ a priori estimates for u.
Remark 1.4. By the proofs, it is straightforward to verify the uniqueness, up to a constant,
of the solutions to equations (1.1), (1.2) on closed Ka¨hler manifolds and equation (1.4) on
closed Hermitian manifolds.
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One significant application is the regularity and existence of the solution to equation (1.4)
after rescaling on closed Hermitian manifolds.
Corollary 1.5. Let (Mn, ω) be a closed Hermitian manifold of complex dimension n and χ
a smooth Hermitian metric on Mn. Suppose that χ satisfies the cone condition with respect
to ψ. Then there exists a unique solution to equation (1.4) up to a constant multiple if one
of the following conditions holds true:
(1) α = n ;
(2) χ and ω satisfy
χn
χn−α ∧ ωα ≤ ψ;
(3) χ and ω are both Ka¨hler, and ψ ≥ c where
c =
∫
M
χn∫
M
χn−α ∧ ωα .
Remark 1.6. The first case was achieved by Tosatti and Weinkove [8], [9], and can be treated
as a particular case of the second but with a strong cone condition.
2. The estimates in Ka¨hler geometry
According to Tosatti and Weinkove [8], [9], it suffices to show∫
M
|∂e− p2u|2gωn ≤ Cp
∫
M
e−puωn (2.1)
for p large enough. We refer the readers to [8], [9] and [10] for more details.
Lemma 2.1. Let u be a smooth admissible solution of k-Hessian equation (1.1). Then there
are uniform constants C, p0 such that for all p ≥ p0, inequality (2.1) holds true.
Proof. It is easy to see that we have the following pointwise equality
χku ∧ ωn−k − χk ∧ ωn−k = k
∫ 1
0
√−1∂∂¯u ∧ χk−1tu ∧ ωn−kdt. (2.2)
By the concavity of Sk, we know that if both χ and χu are in Γ
k
ω, so is χtu.
We compute directly,
C
∫
M
e−puωn ≥
∫
M
e−pu(χku ∧ ωn−k − χk ∧ ωn−k)
= kp
∫
M
e−pu
(∫ 1
0
√−1∂u ∧ ∂¯u ∧ χk−1tu ∧ ωn−kdt
)
.
(2.3)
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By the concavity, we have the following elementary pointwise inequality for 1 ≤ i ≤ n
S
1
k−1
k−1;i(χtu) ≥ (1− t)S
1
k−1
k−1;i(χ) + tS
1
k−1
k−1;i(χu), (2.4)
and hence
√−1∂u ∧ ∂¯u ∧ χk−1tu ∧ ωn−k ≥ (1− t)k−1
√−1∂u ∧ ∂¯u ∧ χk−1 ∧ ωn−k. (2.5)
Therefore
C
∫
M
e−puωn ≥ kp
∫
M
e−pu
(∫ 1
0
(1− t)k−1√−1∂u ∧ ∂¯u ∧ χk−1 ∧ ωn−k
)
≥ p
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χk−1 ∧ ωn−k
=
4c0
np
∫
M
|∂e− p2u|2gωn
(2.6)
for some uniform constant c0 > 0. 
Albeit the complex Hessian equations are particular cases of quotient equations, the zero
estimate is much easier because of the implicit strong cone condition. For complex quotient
equations, we can explicitly see the role of cone condition. Nevertheless, we remark that
the L∞ bound on the solution to Hessian equations depends on supM ψ while that on the
solution to quotient equations depends on the derivatives of ψ up to second order.
Lemma 2.2. Let u be a smooth admissible solution of (k, l)-quotient equation (1.2). Then
there are uniform constants C, p0 such that for all p ≥ p0, inequality (2.1) holds true.
Proof. Without loss of generality, we can assume
kχk−1 ∧ ωn−k > lψχl−1 ∧ ωn−l. (2.7)
Also, by the monotony of Sk/Sl, we have
kχk−1u ∧ ωn−k > lψχl−1u ∧ ωn−l. (2.8)
We consider∫
M
e−pu
(
(χku ∧ ωn−k − χk ∧ ωn−k)− ψ(χlu ∧ ωn−l − χl ∧ ωn−l)
)
. (2.9)
On one hand, ∫
M
e−pu
(
(χku ∧ ωn−k − χk ∧ ωn−k)− ψ(χlu ∧ ωn−l − χl ∧ ωn−l)
)
=
∫
M
e−pu
(
χku ∧ ωn−k
χlu ∧ ωn−l
− χ
k ∧ ωn−k
χl ∧ ωn−l
)
χl ∧ ωn−l
≤C
∫
M
e−puχl ∧ ωn−l.
(2.10)
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On the other hand, we have the pointwise equality
(χku ∧ ωn−k − χk ∧ ωn−k)− ψ(χlu ∧ ωn−l − χl ∧ ωn−l)
=
∫ 1
0
√−1∂∂¯u ∧
(
kχk−1tu ∧ ωn−k − lψχl−1tu ∧ ωn−l
)
dt
(2.11)
and hence∫
M
e−pu
(
(χku ∧ ωn−k − χk ∧ ωn−k)− ψ(χlu ∧ ωn−l − χl ∧ ωn−l)
)
= p
∫ 1
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧
(
kχk−1tu ∧ ωn−k − lψχl−1tu ∧ ωn−l
))
dt
− l
p
∫ 1
0
(∫
M
e−pu
√−1∂¯∂ψ ∧ χl−1tu ∧ ωn−l
)
dt
≥ p
∫ 1
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧
(
kχk−1tu ∧ ωn−k − lψχl−1tu ∧ ωn−l
))
dt
− C
p
∫ 1
0
(∫
M
e−puχl−1tu ∧ ωn−l+1
)
dt.
(2.12)
By the concavity of hyperbolic polynomials, for 0 < ζ < 1,
1
ζ
S
1
m
m (χζtu) +
(
1− 1
ζ
)
S
1
m
m (χ) ≥ S
1
m
m (χtu) (2.13)
and thus
Sm(χζtu) ≥ ζmSm(χtu). (2.14)
This implies that, ∫ 1
0
(∫
M
e−puχl−1tu ∧ ωn−l+1
)
dt
≤ 2l−1
∫ 1
0
(∫
M
e−puχl−1tu
2
∧ ωn−l+1
)
dt
≤ 2l
∫ 1
2
0
(∫
M
e−puχl−1tu ∧ ωn−l+1
)
dt.
(2.15)
Then we obtain, from (2.10), (2.12) and (2.15),
p
∫ 1
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧
(
kχk−1tu ∧ ωn−k − lψχl−1tu ∧ ωn−l
))
dt
≤ C
p
∫ 1
2
0
(∫
M
e−puχl−1tu ∧ ωn−l+1
)
dt+ C
∫
M
e−puωn.
(2.16)
By the concavity of the quotient functions, we have
kχk−1tu ∧ ωn−k − lψχl−1tu ∧ ωn−l > 0. (2.17)
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Moreover, for some δ > 0,
√−1∂u ∧ ∂¯u ∧
(
kχk−1tu ∧ ωn−k − lψχl−1tu ∧ ωn−l
)
≥
(
((1− t)(1 + δ) + t)k−l − 1
)
lψ
√−1∂u ∧ ∂¯u ∧ χl−1tu ∧ ωn−l
≥ (k − l)(1 − t)δlψ√−1∂u ∧ ∂¯u ∧ χl−1tu ∧ ωn−l.
(2.18)
Applying (2.4), there are uniform constants c1 > 0 and c2 > 0 such that
∫ 1
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧
(
kχk−1tu ∧ ωn−k − lψχl−1tu ∧ ωn−l
))
dt
≥ (k − l)δl
∫ 1
0
(1− t)l
(∫
M
ψe−pu
√−1∂u ∧ ∂¯u ∧ χl−1 ∧ ωn−l
)
dt
≥ c1
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χl−1 ∧ ωn−l
(2.19)
and for 0 < t < 1
2
kχk−1tu ∧ ωn−k − lψχl−1tu ∧ ωn−l > c2χl−1tu ∧ ωn−l. (2.20)
According to (2.19), the left term in (2.16) is positive, and we will use part of it to deal
with the first term in the right side of (2.16). We compute
C
p
∫ 1
2
0
(∫
M
e−puχl−1tu ∧ ωn−l+1
)
dt
=C(l − 1)
∫ 1
2
0
∫ t
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χl−2su ∧ ωn−l+1
)
ds dt
+
C
2p
∫
M
e−puχl−1 ∧ ωn−l+1
≤ C(l − 1)
2
∫ 1
2
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χl−2tu ∧ ωn−l+1
)
dt
+
C
2p
∫
M
e−puχl−1 ∧ ωn−l+1.
(2.21)
The second term is acceptable, and we only need to control the first term. Notice that there
is a uniform positive constant λ such that χ− λω ∈ Γkω. We compute, using integration by
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parts and G˚ading’s inequality,∫ 1
2
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χl−1tu ∧ ωn−l
)
dt
≥λ
∫ 1
2
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χl−2tu ∧ ωn−l+1
)
dt
+
1
l − 1
∫ 1
2
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ t d
dt
χl−1tu ∧ ωn−l
)
dt
≥λ
∫ 1
2
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χl−2tu ∧ ωn−l+1
)
dt
− 1
l − 1
∫ 1
2
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χl−1tu ∧ ωn−l
)
dt
(2.22)
and consequently
l
l − 1
∫ 1
2
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χl−1tu ∧ ωn−l
)
dt
≥λ
∫ 1
2
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χl−2tu ∧ ωn−l+1
)
dt.
(2.23)
Combining (2.16), (2.19), (2.20), (2.21) and (2.23), we may assume that p0 ≥ lCc2 and thus
for p ≥ p0,
c1pλ
l−1
2
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ ωn−1 ≤ C
∫
M
e−puωn. (2.24)

3. The estimates for complex Monge-Ampe`re type equations
For general Hermitian manifolds, there are troublesome torsion terms which are extremely
difficult to deal with. We shall focus on the complex Monge-Ampe`re type equations, as the
positivity of Γnω and Sn/Sn−α does help to control the torsion terms (see also [9], [5], [7]).
The gradient estimate and C2 estimate were obtained by Guan and the author in [5],
while a sharp form of C2 estimate was also achieved by the author in [7]. Higher order esti-
mates are guaranteed by Evans-Krylov theory and Schauder estimates, which is standard.
Therefore, it suffices to obtain a uniform L∞ bound of u.
Lemma 3.1. Let u be a smooth admissible solution to complex Monge-Ampe`re type equa-
tion (1.4). Then there are uniform constants C, p0 such that for all p ≥ p0 we have
inequality (2.1).
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Proof. We follow the proof of Lemma 2.2 with some modification to deal with the torsion
terms. Without loss of generality, we may assume
nχn−1 > (n− α)ψχn−α−1 ∧ ωα, (3.1)
and there exist uniform positive constants λ and Λ.
λω ≤ χ ≤ Λω. (3.2)
Also, by the monotony of Sn/Sn−α, we have
nχn−1u > (n− α)ψχn−α−1u ∧ ωα. (3.3)
As in the proof of Lemma 2.2, we study the integral
I :=
∫
M
e−pu
(
(χnu − χn)− ψ(χn−αu ∧ ωα − χn−α ∧ ωα)
)
. (3.4)
On one hand,
I =
∫
M
e−pu
(
χnu
χn−αu ∧ ωα
− χ
n
χn−α ∧ ωα
)
χn−α ∧ ωα ≤ C
∫
M
e−puωn. (3.5)
On the other hand, we have
I = p
∫ 1
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ (nχn−1tu − (n− α)ψχn−α−1tu ∧ ωα)
)
dt
− 1
p
∫ 1
0
(∫
M
√−1e−pu∂∂¯ (nχn−1tu − (n− α)ψχn−α−1tu ∧ ωα)
)
dt
≥ p
∫ 1
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ (nχn−1tu − (n− α)ψχn−α−1tu ∧ ωα)
)
dt
− C
p
∫ 1
0
(∫
M
e−pu
(
χn−2tu ∧ ω2 + χn−3tu ∧ ω3 + χn−α−1tu ∧ ωα+1
))
dt
− C
p
∫ 1
0
(∫
M
e−pu
(
χn−α−2tu ∧ ωα+2 + χn−α−3tu ∧ ωα+3
))
dt,
(3.6)
where the inequality uses the uniform bounds in (3.2).
Using integration by parts and G˚ading’s inequality, for n ≥ k ≥ 1,∫ 1
0
χktu ∧ ωn−kdt ≥ λ
∫ 1
0
χk−1tu ∧ ωn−k+1dt+
1
k
∫ 1
0
t
d
dt
(χktu ∧ ωn−k)dt
= λ
∫ 1
0
χk−1tu ∧ ωn−k+1dt+
1
k
χku ∧ ωn−k −
1
k
∫ 1
0
χktu ∧ ωn−kdt
(3.7)
and hence
k + 1
k
∫ 1
0
χktu ∧ ωn−kdt > λ
∫ 1
0
χk−1tu ∧ ωn−k+1dt. (3.8)
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Combining (3.5), (3.6), (3.8) and (2.14),
p
∫ 1
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ (nχn−1tu − (n− α)ψχn−α−1tu ∧ ωα)
)
dt
≤ C
∫
M
e−puωn +
C
p
∫ 1
2
0
(∫
M
e−puχn−2tu ∧ ω2
)
dt.
(3.9)
By the concavity of the quotient functions, for some δ > 0,
nχn−1tu − (n− α)ψχn−α−1tu ∧ ωα > n
(
1− 1
(1 + δ − δt)α
)
χn−1tu . (3.10)
Consequently, for some uniform constants c1 > 0,∫ 1
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ (nχn−1tu − (n− α)ψχn−α−1tu ∧ ωα)
)
dt
≥ c1
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ ωn−1,
(3.11)
and for some uniform constant c2 > 0 and 0 ≤ t ≤ 12
nχn−1tu − (n− α)ψχn−α−1tu ∧ ωα > c2χn−1tu . (3.12)
Applying (3.8) and assuming that p is large enough,
1
p
∫ 1
2
0
(∫
M
e−puχn−2tu ∧ ω2
)
dt
=
(n− 2)
p
∫ 1
2
0
∫ t
0
(∫
M
e−pu
√−1∂∂¯u ∧ χn−3su ∧ ω2
)
dsdt+
1
2p
∫
M
e−puχn−2 ∧ ω2
= (n− 2)
∫ 1
2
0
∫ t
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χn−3su ∧ ω2
)
dsdt
+
(n− 2)
p2
∫ 1
2
0
∫ t
0
(∫
M
e−pu
√−1∂∂¯(χn−3su ∧ ω2)
)
dsdt+
1
2p
∫
M
e−puχn−2 ∧ ω2
≤ (n− 2)
2
∫ 1
2
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χn−3tu ∧ ω2
)
dt
+
1
2p
∫ 1
2
0
(∫
M
e−puχn−2tu ∧ ω2
)
dt+
1
2p
∫
M
e−puχn−2 ∧ ω2,
(3.13)
and thus
1
p
∫ 1
2
0
(∫
M
e−puχn−2tu ∧ ω2
)
dt
≤ (n − 2)
∫ 1
2
0
(∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ χn−3tu ∧ ω2
)
dt+
1
p
∫
M
e−puχn−2 ∧ ω2.
(3.14)
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Combining (3.9), (3.11), (3.12), (3.14) and (2.23), there are uniform constants C and p0
such that for p ≥ p0,
p
∫
M
e−pu
√−1∂u ∧ ∂¯u ∧ ωn−1 ≤ C
∫
M
e−puωn. (3.15)

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